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INTRODUCTION 
Given an abstract group, there is no general method for deciding 
whether or not it is a linear group--i.e., whether or not it has a faithful 
representation by matrices over a field. There are some useful tests for 
linearity, such as 
A linear group has ascending chain condition on centralizers. 
(Malcev [S, p. 511). Finitely generated linear groups are residually finite. 
(Malcev [S, p. 453). A solvable linear group is nilpotent-by-(abelian-by- 
finite). 
(Tits [5, pp. 14551461). A linear group either contains a free group of 
rank two, or is solvable-by-(locally finite). 
Lubotzky [3] has characterized finitely generated linear groups over a 
field of characteristic zero by purely group theoretic conditions. These con- 
ditions appear difficult to check, although they have been used to show 
linearity for certain groups. However, we do not use his theorem. 
The main result of this paper (Theorem 5) is that for n 2 3, the 
automorphism group of a free group of rank n is not a linear group. The 
proof uses the representation theory of algebraic groups to show that a 
kind of “diophantine equation” between the irreducible representations of 
* Partially supported by the National Science Foundation. 
494 
0021-8693/92 $5.00 
Copyright 0 1992 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
Aut(F) IS NOT A LINEAR GROUP 495 
a group G is impossible unless G is abelian-by-finite (Lemma 3). This leads 
to Theorem 4, which says that the HNN-extension 
cannot be a linear group if G is not nilpotent-by-(abelian-by-finite). 
Theorem 5 is then proved by showing that for n 2 3, the automorphism 
group of a free group of rank n contains %(F2), where I;; is a free group 
of rank two. 
The linearity of the automorphism group of a free group of rank two is 
an open question. In [l, p. 4071 it was shown that if the braid group on 
four strings has a faithful linear representation of degree d, then the 
automorphism group of a free group of rank two has a faithful linear 
representation of degree 2d. 
RESULTS ON ALGEBRAIC GROUPS 
The following discussion is taken from Chapter XI of [2]. 
Suppose that G is a semisimple algebraic group over an algebraically 
closed field K; i.e., the group G is a nontrivial Zariski closed subgroup of 
GL(n, K) for some n, G is connected, and the radical of G (its maximal con- 
nected normal solvable subgroup) is trivial. A maximal connected solvable 
subgroup of G is called a Bore1 subgroup of G. Associated with G and a 
choice of a Bore1 subgroup B of G is a free abelian group n with basis 
2 1, ..-, A,, called the lattice of abstract weights of G. The generators A,, . . . . 1, 
are called the fundamental dominant weights. The elements of A are called 
weights, and a weight I = c,i, + . . . +c,A, is called a dominant weight if 
Cl 9 . . . . c,zO. The dominant weights are the rational characters of B. We 
partially order II by specifying that A 2~ if J -,u is a dominant weight. 
(This is not the same as the ordering of [2, p. 1901.) 
THEOREM 1. Let G be a semisimple algebraic group over an algebraically 
closed field K, and let B be a Bore1 subgroup of G. 
(a) [2, p. 1901. If V is an irreducible rational G-module, then V has 
a unique B-stable one-dimensional subspace spanned by a vector v of some 
dominant weight A(V) (called the highest weight of V). 
(b) [2, p. 1911. If V and V’ are irreducible rational G-modules, then 
V and V’ are isomorphic as G-modules if and only if A(V) = A.( V’). 
(c) [2, p. 1911. If V and Ware irreducible rational G-modules, then 
some composition factor of V@ W has highest weight A(V) + A(W). 
LEMMA 2. Let G be a semisimple algebraic group over an algebraically 
496 FORMANEK AND PROCESI 
closed field K, and let V,, . . . . V,,,, W,, . . . . W,,, be finite-dimensional rational 
G-modules such that @ (Vi @ Wi) and @ (vi Wi) have the same composition 
factors (counting multiplicities) as G-modules, where vi is the K-dimension of 
Vi. Then all the Vi are trivial G-modules. 
Proof Case I: All the Vi and Wi are irreducible. 
By deleting Vi and Wi whenever Vi is the trivial G-module, we may sup- 
pose that all the Vi are nontrivial. Then the sums must be empty, for if they 
are not, choose some Wj whose highest weight, 1( Wj), is maximal in the 
partial order on /i. Since V, is nontrivial, A( Vi) # 0, and by Theorem l(c), 
some composition factor of Vj 0 W, has highest weight A( Vj) + A( W,), 
which is strictly greater than A( Wj) in the ordering. This is impossible, since 
by the choice of Wj, no composition factor of @ (vi W,) has highest weight 
strictly greater than A( Wj). 
Case II: The general case. 
Replace each Vi0 Wi by @( Vik 0 W,), where 0 V, and 0 Wil are the 
direct sums of the composition factors (counting multiplicities) of Vi and 
Wi. By Case I, all the V, are trivial G-modules. The image of G in each 
GL( Vi) is both semisimple and unipotent, and thus trivial. Hence all the V, 
are trivial G-modules. [ 
The following facts are not used in the sequel and are included for the 
sake of completeness. Let G, K, and B be as in Theorem 1, let T be a maxi- 
mal torus contained in B, and let X(T) be the character group of T. Then 
X(T) is a subgroup of finite index in A, and the map V H A( V) induces a 
bijection between isomorphism classes of irreducible rational G-modules 
and dominant weights lying in X(T). Thus the additive group of the 
Grothendieck ring of finite-dimensional rational G-modules is a free 
abelian group with one generator for each dominant weight 1% in X(T). If 
L(d) denotes the irreducible rational G-module corresponding to i, and 
[M] denotes the element of the Grothendieck ring represented by the 
module M, then 
CL(A)1 CWII = CUJ-10 UPL)I = CUA + PL)I + 1 {avCUv)l I v < 2 + cL1 
where the a, are nonnegative integers. Lemma 2 can be interpreted as a 
statement about the Grothendieck ring. 
RESULTS ON LINEARITY OF GROUPS 
LEMMA 3. Let G be a group, let K be an algebraically closed field, and 
let V,, . . . . V,, WI, . . . . W,,, be irreducible finite-dimensional KG-modules 
such that @ ( Vi @ Wi) and @ (vi Wi) h ave the same composition factors 
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(counting multiplicities) as G-modules, where vi is the K-dimension of Vi. 
Then the image of G in GL( V, ) x . . . x GL( V,,,) is abelian-by-finite. 
ProojY Let G be the Zariski closure of the image of G in 
GL(V,O W,@ ... @ V,@ IV,). Then each G-submodule of V, 0 W, @ 
... @ V, 0 W, is also a G-submodule, since the set of endomorphisms 
of a vector space which stabilize a given subspace is closed in the Zariski 
topology. The images of G and G in GL( @ (Vi 0 W,)) have the same 
Zariski closure, so @ (Vi @ W,) and @ (vi Wi) have the same composition 
factors as G-modules, since they have the same composition factors as 
G-modules. By construction, G is an algebraic group, and (V, @ W, @ 
. . . 0 V, 0 W,) is a faithful, completely reducible, polynomial G-module. 
Let Q be the unipotent radical (the maximal normal unipotent 
subgroup) of G. Suppose that U is a nontrivial irreducible G-module. The 
subspace of fixed vectors of Q acting on U is nonzero [2, p. 1121. Since 
Q is normal in G, N is a Gsubmodule of U, so N = U, because U is 
an irreducible G-module. Thus Q = 1, since Q acts trivially on 
(V, @ W, @ . . . @ V, @ W,), a faithful G-module. 
Let Go be the connected component of G, a normal subgroup of finite 
index in G [2, p. 531, let R be the radical of Go, and let [Go, Go] be the 
derived group of Go. Then R is central in Go, Go = R[G”, Go], and 
[Go, Go] is a semisimple algebraic group [2, pp. 125-1261. 
Consider the diagram 
- 
G-G a GL(V,)x ... xGL(VJ. 
t 
-0 G 
By Lemma 2, [Go, Go] acts trivially on each Vi. Since Go has finite index 
in G and Go = R[c’, Go], where R is abelian, e(G) is abelian-by-finite. 
Hence the image of G in GL( V,) x . . . x GL( V,) is also abelian-by- 
finite. 1 
If G is a group and $:A + B is an isomorphism between subgroups of 
G, then the group 
H= (G, t 1 tat-‘=$(a) for all acA) 
is called an HNN-extension of G. A basic property of H is that the 
canonical homomorphism G + H is an embedding [4, p. 501. 
THEOREM 4. Let G be a group, and let 
Jf(G) = (G x G, t I 48, s)t-’ = (1, g)>, 
481:149.2-15 
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an HNN-extension of G x G. Suppose that p: Z(G) -+ GL(n, k) is a [inear 
representation of 2(G), where K is a field. Then p(G x 1) is nilpotent-by- 
(abelian-by-finite). 
Proof We may assume that K is algebraically closed, and that the 
representation p 1 G x G has been conjugated into block upper triangular 
form 
‘PI * 
where each diagonal block corresponds to an irreducible representation pi: 
G x G + GL( Vi). Any irreducible representation of a direct product of two 
groups is the tensor product of irreducible representations of the factors, so 
there are irreducible representations gii: G -+ GL( Vi), 7,: G + GL( W,), such 
that pi=ai@zi, Ui= Vi@ IV,. 
The hypothesis that p is a representation of S(G) implies that for all 
ge G, p(t)p(g, g)p(t) -’ = p( 1, g). Thus the representations of G defined by 
gti p(g, g) and g H p( 1, g) are equivalent. Since the diagonal blocks of 
p(g, g) are ~oik)O~ik)~ and the diagonal blocks of p( 1, g) are 
{zo,@ri(S))2 where vi is the K-dimension of Vi, it follows that 
@(Vi 0 Vi) and @ (u, WJ have the same composition factors as 
G-modules. Hence Lemma 3 applies and gives the conclusion that the 
image of 
(a 1, ..., o,):G-,GL(V,)x ... xGL(V,) 
is abelian-by-finite. 
Consider the composition 
GxGL p(GxG)L GL(V,@ W,)x . . xGL(V,@ W,), 
where rc maps each block upper triangular matrix to the m-tuple of 
its diagonal blocks; i.e., rcp(g, h)=(o,(g)@z,(h), . . . . o,(g)@z,(h)). 
In particular, rrp( g, 1) = (c,(g) @ I,, . . . . onl( g) 0 I,,), where wi is the 
K-dimension of W,. Thus r&G x 1) is abelian-by-finite, since the image of 
(cl, . . . . 6,): G-tGL(V,)x ... xGL(V,) is abelian-by-finite. Finally, the 
kernel of n: is clearly nilpotent, so P(G x 1) is nilpotent-by-(abelian-by- 
finite). 1 
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THEOREM 5. Let F be a free group of rank 13, and let A(F) be its 
automorphism group. Then there is no faithful linear representation 
A(F) + GL(n, K), where K is a field. 
Proof. It is enough to prove the theorem for F= F(x, , x2, ?c,), a free 
group of rank 3. We regard elements of A(F) as functions cp: F+ F, acting 
on the left, with composition of functions as the group operation. An 
automorphism of F is completely determined by its action on X, , x2, x3. 
Consider the five automorphisms of F, a,, x2, c(~, cp 1, (p2, defined by 
a,(z) = x,zxp, cp,(x,) = x,, qj(xz) = x2, (p,(x3) = x~x~. The group 
generated by a,, CQ, t13 is the group of inner automorphisms of F and there- 
fore is a free group of rank 3, normal in A(F). If w(a, 6) is any element of 
the free group F(a, b), then w((pl, (p2)(x3) = x,w(x,, x2). This implies that 
the images of ‘pl and (p2 in A(F)/(a,, q, c/~) generate a free group of 
rank 2. Then it is easy to see that the group H generated by 
(x,, x2, c(~, (p,, (p2 has presentation 
The relations involving ag can be rewritten as a3(aicpi)a; ’ = (pi. This 
shows that H is an HNN-extension of (a,, a2) x (‘p,, (p2), a direct 
product of two free groups of rank 2, by a3, where conjugation by a3 
carries the diagonal subgroup, ((x1 ‘pl, a2(p2), onto the second factor. By 
Theorem 4, the image of ( aI, a2) in any linear representation of H is 
nilpotent-by-(abelian-by-finite). Thus H, and hence A(F), has no faithful 
linear representation, since ( aI, a2) is free of rank 2. 1 
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